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Functions of Two or More Independent Variables 

 

 

 

 

 

The values of many real-world functions are determined by more than one 

independent variable. For example, the function V = ߨ	r2h calculates the volume of a 

circular cylinder from its radius and height, the area function of a rectangular shape 

depends on both its width and its height. And, the pressure of a given quantity of gas 

varies with respect to the temperature of the gas and its volume. We define a function 

of two variables as follows: 

A function f of two variables is a relation that assigns to every ordered pair of 

input values (x, y) in a set called the domain a unique output value denoted by f (x, y) . 

The set of output values is called the range. 

  

 

 

Let f (x, y) be defined in a region R  of the xy-plane. If we think of y  as fixed 

and x as variable, the derivative of f (x, y) with respect to x is called the partial  

derivative  with respect to x. This partial derivative is denoted by ௗ௙
ௗ௫
	, if we write u = f 

(x, y), the partial derivative is also denoted by		ௗ௨
ௗ௫
	. Likewise, the partial derivative with 

respect to y, is  ௗ௙
ௗ௬
	 or   	ௗ௨

ௗ௬
	, is the derivative of f (x, y) with respect to y when x is 

regarded as a constant. 

 

 

 

 

Functions of Two or More Independent Variables 

Introduction 

Partial Derivative 
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Functions of Two or More Independent Variables 

Example: - If u is function of (ݔ,  -:as 	(ݕ

,ݔ)ݑ (ݕ = ݕଶݔ +	݁ି௫௬య 

		
ݑ݀
ݔ݀

 

		
ݑ݀
ݕ݀

 

Similar definitions and notations apply in dealing with functions of three or 

more independent variables. 

Hence, the partial derivatives of ௗ
మ௙

ௗ௫మ
	and ௗ

మ௙
ௗ௬మ

	are called the second partial derivatives. 

There are in all four second derivatives of f(x, y). The notations for these derivatives, if 

we write u = f(x, y), are the following: 

߲
ݔ߲

൬
ݑ߲
ݔ߲
൰ =

߲ଶݑ
ଶݔ߲

																,										
߲
ݔ߲

൬
ݑ߲
ݕ߲
൰ =

߲ଶݑ
ݕ߲	ݔ߲

 

߲
ݕ߲

൬
ݑ߲
ݔ߲
൰ =

߲ଶݑ
ݔ߲	ݕ߲

												,										
߲
ݕ߲

൬
ݑ߲
ݕ߲
൰ =

߲ଶݑ
ଶݕ߲

 

 

Example: - For the given function 	

,ݔ)ݑ (ݕ = ݕଶݔ +	݁ି௫௬య then:- 

 

 

 

Let w = f (x, y, z) be continuous and have continuous first partial derivatives in 

a domain D in xyz-space. Let x: x (u, v), y: y (u, v), z: z (u, v) be functions that are 

continuous and have first partial derivatives in a domain B in the uv-plane, where B is 

such that for every point (u, v) in B, the corresponding point [x(u, v), y(u, v), z(u, v)] 

lies in D. See Fig. 213. Then the function 

ݓ = ݂൫ݑ)ݔ, ,(ݒ ,ݑ)ݕ ,(ݒ ,ݑ)ݖ  ൯(ݒ

then  

Chain Rule 
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Functions of Two or More Independent Variables 

ݓ߲
ݑ߲

=
ݓ߲
ݔ߲

ݔ߲
ݑ߲

+
ݓ߲
ݕ߲

ݕ߲
ݑ߲

+
ݓ߲
ݖ߲

ݖ߲
ݑ߲
			 

ݓ߲
ݒ߲

=
ݓ߲
ݔ߲

ݔ߲
ݒ߲

+
ݓ߲
ݕ߲

ݕ߲
ݒ߲

+
ݓ߲
ݖ߲

ݖ߲
ݒ߲
			 

Also, 

ݓ = ݂൫(ݑ)ݔ, ,(ݑ)ݕ  ൯(ݑ)ݖ

ݓ߲
ݑ߲

=
ݓ߲
ݔ߲

ݔ݀
ݑ݀

+
ݓ߲
ݕ߲

ݕ݀
ݑ݀

+
ݓ߲
ݖ߲

ݖ݀
ݑ݀
			 

 
 

 
 

Certain differential operations may be performed on scalar and vector fields and 

have wide ranging applications in the physical sciences. The most important 

operations are those of finding the gradient of a scalar field and the divergence and 

curl of a vector field. It is usual to define these operators from a strictly mathematical 

point of view, as we do below. In the following sections, however, we will discuss 

their geometrical definitions, which rely on the concept of integrating vector quantities 

along lines and over surfaces. Central to all these differential operations is the vector 

operator ∇, which is called Del (or sometimes nabla) and in Cartesian coordinates is 

defined by:- 

	ߘ = 	
߲
ݔ߲

		݅	 + 	
߲
ݕ߲

	݆ + 	
߲
ݖ߲
	݇ 

 

 

 

Scalar function   f (x, y, z) that is defined and differentiable in a domain in 3-

space with Cartesian coordinates x, y, z. We denote the gradient of that function by 

(grad f) or ∇݂	. Then the gradient of is defined as the vector function :- 

Differential operator 	(∇)	(Dell) 

Gradient 
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Functions of Two or More Independent Variables 

 
 

 

 

Direction derivative of the surface ߮	(ݔ, ,ݕ (ݖ = 0 in to the direction of a given 

vector Bሬሬ⃑  is:            ܦ.ܦ. ݂ = 	∇߮	. U୆ሬሬሬሬሬ⃑  

 

 

 

 

 

 

      
 If the vector ⃑ݒ be a differentiable vector function, in Cartesian coordinates, and 

let (v1, v2 and v3) be the components of	⃑ݒ. Then the function 

	ݒ݅݀ ሬܸ⃑ = 	
ଵݒ߲
ݔ߲

		+ 	
ଶݒ߲
ݕ߲

	+	
ଷݒ߲
ݖ߲

	 

Is called the divergence of ⃑ݒ or the divergence of the vector field defined by v. 

Another common notation for the divergence is 

	ݒ݅݀ ሬܸ⃑ = ∇ ∙ 	 ሬܸ⃑ = ൬
߲
ݔ߲

		݅	 + 	
߲
ݕ߲

	݆ +	
߲
ݖ߲
	݇൰ ∙ 	݅		ଵݒ) + ݆	ଶݒ	 +  (݇	ଷݒ	

Divergence 

Algebraic Rules for Gradient 
1. Constant Multiple Rule:      ߘ(݂݇) =   ݐ݊ܽݐݏ݊݋ܿ	ݕ݊ܽ	ݏ݅		݇					݂ߘ݇

2. Sum Rule:						ߘ(	݂ + ݃	) = ݂ߘ +  ݃ߘ	

3. Difference Rule:	ߘ(	݂ − ݃	) = ݂ߘ −  ݃ߘ	

4. Product Rule:	ߘ(	݂ ∗ ݃	) = ݃ ∗ ݂ߘ + 	݂ ∗  ݃ߘ

Directional Derivative 

Theorem 
The maximum value of the directional 

Derivatives of ݂	(ݔ, ,ݕ  |݂ߘ| is (ݖ
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	ݒ݅݀ ሬܸ⃑ = 	
ଵݒ߲
ݔ߲

		+ 	
ଶݒ߲
ݕ߲

	+	
ଷݒ߲
ݖ߲

	 

 

 

 

 

 

Let	vሬ⃑  be a differentiable vector function of the Cartesian coordinates x, y, z. and 

let (v1, v2 and v3) be the components of	vሬ⃑ . Then the curl of the vector function vሬ⃑  or of 

the vector field given by vሬ⃑  is defined by: 

	݈ݎݑܥ ሬܸ⃑ = 	 ∇ ×	 ሬܸ⃑ = 	 ൦

݅ ݆ ݇
߲
ݔ߲

߲
ݕ߲

߲
ݖ߲

ଵݒ ଶݒ ଷݒ

൪	 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

Curl 

߲ଶ݂
ଶݔ߲

		+ 		
߲ଶ݂
ଶݕ߲

	+ 		
߲ଶ݂
ଶݖ߲

=  ࢔࢕࢏࢚ࢇ࢛ࢗࢋ	࢔ࢇ࢏࢙ࢇ࢒࢖ࢇ࢒	ℎ݁ݐ	ݏ݅							0

       Always Remember that: 
Curl	grad f	=	0	

Or							∇ × ݂ߘ	 = 0		
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 Vector Identity  

Excuse me...what is 
this again??!!! 

Any Question 
Please 
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